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During the past two years following the first formulation of L-matrix 
theory [I] the Matscience group has been concerned with the generalised 
Clifford algebra of matrices which are the mth roots of unity. The generalised 
algebra was discovered by Yamazaki [2] in 1964 and the matrix representa- 
tions in the lowest dimension were first given by Morris in 1967 [3]. We shall 
now present some new results on the subject and point out a surprising and 
unexpected connection with the generators of the special unitary group. 
It has been established that there are (2n + 1) matrices L, , L, ,..., L2n+l 
of dimension mn x mn obeying the two generalised Clifford conditions: 
I. L,Lj = wLjLi; i<j; i = j = 1, 2,..., 2n + 1 
II. Li” = Z (1) 
where w is the primitive mth root of unity. The (2n + 1) matrices obey the 
product rule: 
Lm-1 L 
1 
L7nm-1L 
It+1 2 n+2 ’ - * LwLg$ = w(+l)z. (2) 
It follows therefore that in the lowest dimension (n = 1) there are only 
three matrices atisfying the two Clifford conditions. The case m = 2 cor- 
responds to the usual Clifford algebra. 
The representations f the three matrices P, Q and R of dimension m x m 
satisfying the two Clifford conditions have been given by Morris [3] as 
P=[[i lij Q=[ii =)j (3) 
The third matrix R is connected to P, Q by the relation 
R = ,P-lQ (4) 
164 
GENERALIZED CLIFFORD ALGEBRA 165 
where 
[=l for m odd 
==W l/2 for m even. 
The method of obtaining 2n + 1 matrices of dimension mn x mn from these 
two matrices has been described in a previous paper [4]. This is through the 
generalisation of u-operation defined in the first formulation of the L-matrix 
theory [l]. 
Through the work of Rasevskii [5] on the ordinary Clifford algebra, we 
realised that even for the generalised case if we form all possible linearly 
independent products from the basic 2n elements satisfying the two Clifford 
conditions [6], 
0 < k, )...) k2n < m - 1 (5) 
we obtain m2n matrices constituting the algebra CZm, . While all these elements 
satisfy the Clifford condition II only the 2n base elements satisfy both the 
Clifford conditions. We obtain the following rule: 
The total number of matrix roots of unity of dimension rnn x mn is equal 
to the order of the root raised to the power of the number of independent 
base elements: i.e. m2n. It is important to note that the algebra CZm, has a 
symmetry principle inherent in it; it is unaffected if we multiply the matrices 
by any mth root of unity. 
We now consider the case m = 3; n = 1, and now w is a primitive cube 
root of unity. If we form all possible products of P and Q we obtain eight 
matrices 
P, Q, P2Q2; P2, Q2, PQ; P’Q, PQ” 
or equivalently 
P, P2; Q,Q”; R, R2; PQ, QR. (6) 
With the unit matrix they form the elements of the generalised Clifford 
algebra C23. 
We now list below explicitly these matrices 
Q” = 
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(7) 
The set of eight matrices consists of four sets of two commuting matrices 
in which one set, P2Q, and PQZ is diagonal. Each set of commuting matrices 
consists ofa matrix and its square. 
We now observe the remarkable fact that the two commuting generators of 
SUs , A, and As in the Gell-Mann notation [7] can be expressed as a linear 
combination of just the diagonal matrices of the above set. 
=-&(pQ2+,paQ) (8) 
For the sake of completeness we express the other six matrices in terms of the 
base matrices P and Q. 
4 = B {(I’” + wQa + PQ) + (P + w”Q + w”P’Q”>> 
A, = Q (i(P” + wQ” + PQ) - i(P + w2Q + w”P”Q”)> 
A, = Q {(Pa + Q” + wPQ) + (P + Q + wP”Q”)> 
A, = Q {- i(P2 + Q” + wPQ) + i(P + Q + wP2Q2)} 
& = Q W-’ + wQ + PaQ2) + (f’” + w2Q2 + w”PQ)) 
A, = 6 {- i(P + wQ + PaQa) + i(P2 + waQ2 + w2PQ)}. (9) 
In the last few years, attempts have been made [S] to classify the various 
elementary particles by assuming that they are composed of three funda- 
mental objects called quarks (i.e. a triplet) which are simultaneous eigenstates 
of As and A, i.e. the operators corresponding to the third component of iso- 
topic spin I, and hypercharge Y. Since I, and Y can be expressed in terms of 
P2Q and PQ2 only, we wish to suggest hat the states of the triplets can be 
considered as the simultaneous eigenstates of P2Q and PQa. 
Relabelling for convenience of notation, P”Q and wPQ2 as Ml and Ma and 
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their eigenvalues as p1 and 11s we give below a table of the quantum numbers 
of the quark triplet and p1 and t~s . 
I, Y Pl CL2 
A $ + 1 1 
B -4 Q W W2 
c 0 -g w’2 w 
Further we have 
Q (Charge) = i bl + p2) (10) 
and 
y = - 8 (wp1 + w21u2). (11) 
Since p2 is the square of p1 “conservation” of pi does not imply “conserva- 
tion” of t~s and so we have to postulate separate conservation laws for Ml and 
M, in just the same way as we postulate separate conservation laws for Q and 
Y or equivalently Q and I, or I, and Y. 
The above considerations can be carried over to obtain the generators of 
sU(m) from the two base elements P and Q, the (m - 1) commuting matrices 
in this case being 
PkQQ 
with 
k, + k, = m. 
In such a case there are (m + 1) sets of (m - 1) commuting matrices, the 
unit matrix commuting with all of them. Members in a given set can be 
expressed as powers of one of its elements, say B i.e. any set can be written 
as B, B2,..., B+l. If we add the unit element we get the cyclic group of 
order m. 
We point out that if p1 , pa ,..., pnwl are “quantum numbers” where pi 
can take any one of the n values of the n-th root of unity and 
p2 = p12; p3 = /LIZ; -**; pn-l = /q-l (12) 
then we can ascribe to any multiplet of SU(n), n “scalar” quantum numbers, 
Sl 3 s2 ,... , s, which can be expressed in terms of p’s as follows: 
168 RAMAKRISHNAN ET AL. 
sz = a {(w”-lpl) + (WqLJ” + *-- + (w+‘p.p}. 
These scalar quantum numbers obey the relation: 
We can also define vector quantum numbers 
vj - sj shl 2 2 
(13) 
(14) 
(15) 
and hence we have 
et, + 02 + v2 + .‘. + vn = 0 (16) 
assuming for i = n + 1, S,+r is S, itself. 
It is enough to establish the above relations for the basic multiplets of 
SU(n). Since the si and vi are linearly related eq. (15) is propagated for the 
higher representations also i.e. if 
where the superscript denotes the “quark” components of the “composite 
particles” corresponding to the higher representation. The relation between 
Si and Mi can be expressed through eq. (13) by just replacing sd by Si and 
pi by Mi . The generalised Gell-M ann-Nishijima relation can be written 
similar to (15) 
v. -sj 9 sj+1 2 2’ 
In the particular case of SU, we can set 
(18) 
& =Q 
s,=-y 
ST,=-Q+ y 
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where Q and Y are charge and hypercharge respectively and 
Vl = Iz , 2 component of Isospin 
v, = vz , 2 component of V spin 
v, = uz, Z component of U spin 
so that 
I =Q-Y-Q 
z 2 2 
Q=I+;. 
The table for the values of s1 , sa ,,.., s,for the basic multiplet SU(n) quark 
A, , A, ,..., A is 
Sl $2 s2 *a- s, 
n-1 1 
A, - -- 1 -- 
n n n 
n-l 
A, -; ~ 
1 . . . -- 
n n 
A, -$ -1 n-l 
n 71 
Similarly the table for u,‘s for the basic representation isgiven as: 
Vl 212 -*- % 
4 Q 0 -4 
A2 -4 a 0 
A, 0 -+ . . . 0 
An 0 0 1 
2' 
The quantum numbers corresponding to the generalised Clifford algebra 
A” = - 1 are obtained by just reversing the signs of pi and the values of Si 
obtained therefrom correspond to the quantum numbers of the antiquark. 
170 RAMAKRISHNAN ET AL. 
RRFERENCES 
1. ALLADI RAMAKRISHNAN. J. Moth. Anal. Appl. 20 (1967), 9. 
2. K. YAMAZAKI. J. Fat. Sci. University of Tokyo, Set I, 10 (1964), 147-195, see 
page 191. 
3. A. 0. MORRIS. Quart. J. Math. Oxford (2) 18 (1967), 7. 
4. ALLADI RAMAKRISHNAN, R. VASUDEVAN, N. R. RANGANATHAN, AND P. S. 
CHANDRASEKARAN. J. Math. Anal. Appl. 23 (1968), 10. 
5. P. K. RASEVSKII. Am. Math. Sot. Transl. Series 2 6 (1957), 1. 
6. ALLADI RAMAKRISHNAN, T. S. SANTHANAM, AND P. S. CHANDRASEKARAN. ‘L-matrices 
and the fundamental theorem in the theory of spinors’, to be published in the 
Matscience Symposia in Theoretical Physics and Mathematics, Vol. IO, Plenum 
Press, New York, U.S.A. 
ALLADI RAMAKRISHNAN, T. S. SANTHANAM, P. S. CHANDRASEKARAN, AND A. 
SUNDARAM. J. Math. Anal. Appl. To be published. 
ALLADI RAMAKRISHNAN, T.S. SANTHANAM, AND P.S. CHANDRASEKARAN. J. Math. 
Phys. Sci. (Madras). To be published. 
7. M. GELL-MANN. Phys. Rev. 125 (1962), 1067. 
8. See for example, R. H. DALITZ, ‘Resonant states and Strong Interactions’, in Inter. 
Conf. on Ele. Particles (Oxford, 1965). 
